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Scattering by a Nihility Cylinder
Akhlesh Lakhtakia, Joseph B. Geddes III
Abstract The total scattering and the extinction efficiencies of a
nihility cylinder of infinite length and circular cross–section are
identical and independent of the polarization state of a normally
incident plane wave.
Keywords Extinction efficiency, Negative refraction, Nihility,
Scattering efficiency
1. Introduction
The emergence of nihility as an electromagnetic medium
[1] can be attributed to the rather extraordinary devel-
opments on negatively refracting materials during this
decade [2, 3]. Much of the impetus for this development
has been provided by the prospect of the so–called perfect
lens [4]. Any perfect lens in the present context is required
to simulate nihility [5, 6].
The relative permittivity and the relative permeability of
nihility are null–valued. Clearly, nihility is unachievable,
but it may be approximately simulated in some narrow fre-
quency range — hence, its attraction [7, 8]. Reflection and
refraction of plane waves due to nihility half–spaces [8]
and slabs [5, 6] has been studied in some detail, as well as
the scattering of plane waves by nihility spheres [9]. Along
the same lines, this communication focuses on the canon-
ical problem [10, 11] of the scattering response of a ni-
hility cylinder of circular cross–section and infinite length
to a normally incident plane wave. An exp(−iωt) time–
dependence is implicit in the following sections.
2. Boundary Value Problem
The geometry of the canonical problem is best stated us-
ing the cylindrical coordinate system (ρ, φ, z). The cylin-
der ρ ≤ a is oriented parallel to the z axis; and, with its
wave vector parallel to the −x axis, a plane wave is nor-
mally incident on this cylinder. Two different cases must
be considered: (i) The incident magnetic field phasor is
parallel to the z axis, (ii) the incident electric field phasor
is parallel to the z axis.
Direct derivation for a nihility cylinder being evidently
intractable, a limiting procedure has to be resorted to.
Therefore, let the relative permittivity of the cylinder be
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denoted by ǫr, and its relative permeability by µr. The
standard results for this cylinder [10, 11] can be manipu-
lated for nihility cylinders.
2.1 Case (i)
The incident field exists everywhere in the region of in-
terest when the scatterer is absent. Therefore, the incident
electric and magnetic field phasors may be stated as fol-
lows [11]:
Einc(ρ, φ) =
∑∞
n=−∞ αnM
(1)
n (ρ, φ; k0)
Hinc(ρ, φ) = (iη0)
−1
×∑∞n=−∞ αnN(1)n (ρ, φ; k0)

 ,
ρ ≥ 0 , (1)
where k0 is the wavenumber in and η0 is the intrinsic
impedance of free space (i.e., vacuum), while the coeffi-
cients
αn = (−i)n+1/k0 . (2)
The wavefunctions used in the foregoing equations and
hereafter are defined as follows:
M
(1)
n (ρ, φ; k) = k
(
in
Jn(kρ)
kρ
ρˆ
−dJn(kρ)
dkρ
φˆ
)
einφ , (3)
N
(1)
n (ρ, φ; k) = k Jn(kρ) e
inφ zˆ , (4)
M
(3)
n (ρ, φ; k) = k
(
in
H
(1)
n (kρ)
kρ
ρˆ
−dH
(1)
n (kρ)
dkρ
φˆ
)
einφ , (5)
N
(3)
n (ρ, φ; k) = k H
(1)
n (kρ) e
inφ zˆ . (6)
Whereas Jn(ξ) are Bessel functions, H(1)n (ξ) are Hankel
functions of the first kind, with ξ denoting the argument.
The scattered field phasors are given by
Esca(ρ, φ) =
∑∞
n=−∞ αn anM
(3)
n (ρ, φ; k0)
Hsca(ρ, φ) = (iη0)
−1
×∑∞n=−∞ αn anN(3)n (ρ, φ; k0)

 ,
ρ ≥ a , (7)
where
an = − [ηr Jn(k0a)− J ′n(k0a)Ln(k0nra)][
ηrH
(1)
n (k0a)−H(1)′n (k0a)Ln(k0nra)
]−1
,(8)
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the prime denotes differentiation with respect to the argu-
ment, the functions
Ln(ξ) =
Jn(ξ)
J ′n(ξ)
, (9)
the relative impedance ηr =
√
µr/ǫr, and the refractive
index nr =
√
ǫrµr.
The total scattering efficiency is the sum
Q(i)sca =
2
k0a
∞∑
n=−∞
|an|2 , (10)
and the extinction efficiency may be derived from the op-
tical theorem [11, Sec. 3.4] as
Q
(i)
ext = −
2
k0a
ℜ
( ∞∑
n=−∞
an
)
, (11)
where ℜ stands for ‘the real part of’.
2.2 Case (ii)
The incident electric and magnetic field phasors may be
stated as follows [11]:
Einc(ρ, φ) =
∑∞
n=−∞ βnN
(1)
n (ρ, φ; k0)
Hinc(ρ, φ) = (iη0)
−1
×∑∞n=−∞ βnM(1)n (ρ, φ; k0)

 ,
ρ ≥ 0 , (12)
where
βn = iαn . (13)
The scattered field phasors are given by
Esca(ρ, φ) =
∑∞
n=−∞ βn bnN
(3)
n (ρ, φ; k0)
Hsca(ρ, φ) = (iη0)
−1
×∑∞n=−∞ βn bnM(3)n (ρ, φ; k0)

 ,
ρ ≥ a , (14)
where
bn = − [Jn(k0a)− ηr J ′n(k0a)Ln(k0nra)][
H(1)n (k0a)− ηrH(1)′n (k0a)Ln(k0nra)
]−1
.(15)
The total scattering efficiency and the extinction effi-
ciency, respectively, are as follows:
Q(ii)sca =
2
k0a
∞∑
n=−∞
|bn|2 , (16)
Q
(ii)
ext = −
2
k0a
ℜ
( ∞∑
n=−∞
bn
)
. (17)
2.3 Limiting Procedure for Nihility Cylinder
Now, the refractive index of nihility must be null–valued
because ǫr = µr = 0. For the functions Ln(ξ), we have
lim
ξ→0
ξL0(ξ) = −2 , (18)
lim
ξ→0
ξ−1Ln(ξ) = n
−1 , n 6= 0 . (19)
Therefore, after taking the limit nr → 0, (8) and (15) for
a nihility cylinder simplify to
a0 = b0 = − J1(k0a)
H
(1)
1 (k0a)
, (20)
an = bn = −
J|n|(k0a)
H
(1)
|n| (k0a)
, n 6= 0 . (21)
3. Discussion
From (10), (11), (16), (17), (20), and (21), it follows that
Q(i)sca = Q
(ii)
sca = Q
(i)
ext = Q
(ii)
ext , (22)
because ∣∣∣ Jn(ξ)
H
(1)
n (ξ)
∣∣∣2 = ℜ( Jn(ξ)
H
(1)
n (ξ)
)
. (23)
The equality of extinction and total scattering efficiencies
for either case is an affirmation of the nondissipative na-
ture of nihility. The equality of efficiencies for both cases
(i) and (ii) emerges from the identity an = bn ∀n ∈
(−∞,∞) for nihility cylinders.
An remarkable consequence of (22) is that the extinc-
tion and the total scattering efficiencies of a nihility cylin-
der do not change with the polarization state of the inci-
dent plane wave. In other words, if the incident plane wave
is arbitrarily polarized such that
Einc = (Az zˆ +Ay yˆ) e
−ik0x , (24)
the total scattering and the extinction efficiencies are in-
dependent of the ratio Az/Ay . The extinction efficiency
is shown in Figure 1 as a function of the normalized size
parameter k0a.
Furthermore, on examining the scattering function
Fsca(φ) = lim
k0ρ→∞
(k0ρ)
1/2 exp(−ik0ρ)Esca(ρ, φ) ,
(25)
it can be deduced that the scattering pattern |Fsca(φ)| is
independent of the polarization state of the incident plane
wave. Again, this is because an = bn ∀n.
The equality of scattering coefficients for cases (i) and
(ii) is a curious result, at first glance. From (8) and (15), it
can be shown that an = bn for all n if and only if η2r = 1.
On writing µr = η2r ǫr, it becomes clear that nihility is
impedance–matched to free space (i.e., ηr = 1). Indeed,
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Fig. 1. Extinction efficiency of a nihility cylinder of cross–sectional
radius a and infinite length when illuminated by a normally incident
plane wave of arbitrary polarization state.
nihility is impedance–matched to any isotropic, homoge-
neous, dielectric–magnetic medium (i.e, with both ǫr 6= 1
and µr 6= 1), so that the results derived in Sec. 2.3 are
very general. Parenthetically, we note that on repeating the
exercise in Section 2 for obliquely incident plane waves
led to expressions that could not be unambiguously inter-
preted after the limiting procedure was implemented.
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